stichting
mathematisch
centrum | MC

AFDELING INFORMAT ICA IW 108/79 APRIL
(DEPARTMENT OF COMPUTER SCIENCE)

P.R.J. ASVELD
SPACE-BOUNDED COMPLEXITY CLASSES AND
ITERATED DETERMINISTIC SUBSTITUTION

Preprint

2e boerhaavestraat 49 amsterdam




Printed at the Mathematical Centre, 49, 2e¢ Boethaavestraat, Amsterdam.

The Mathematical Centre, founded the 11-th of February 1946, 4is a non-
pro it institution aiming at the promotion of pure mathematics and its
applications. 1t is sponsored by the Netherlands Government through the
Netherlands Organization for the Advancement of Pure Research (Z.W.0).

AMS(MOS) subject classification scheme (1970): 68A30, 68A20

ACM-Computing Reviews-categories: 5.23, 5.25




*)

jpace—-Bounded Complexity Classes and Iterated Deterministic Substitution

y

’eter R.J. Asveld

\BSTRACT

We investigate the effect on the space complexity when a language
‘amily K is extended by means of iterated A-free deterministic substitution
:0 the family n(K). If each language in K is accepted by a one-way nonde-
:erministic multi-tape Turing machine within space S(n) for some monotonic
space bound S(n) = log n, then n(K) is included in NSPACE(S(n)). Thus for
rach monotonic space bound S(n) = n, the inclusion K c NSPACE(S(n)) implies
:hat n(K) is also included in NSPACE(S(n)). An implication similar to the
.atter one also holds for DSPACE(S(n)).

Consequently, some well-known space-bounded complexity classes such
1s the families of (non)deterministic context-sensitive languages, of two-
7ay (non)deterministic nonerasing stack automaton 1anguéges, and PSPACE
ire AFL's closed under intersection and iterated \A-free deterministic sub-
stitution. On the other hand no space-bounded complexity class which in-
:ludes DPSACE(log n) is closed under controlled iterated A-free (non)deter-

pinistic substitution.

{EY WORDS & PHRASES: space-bounded complexity classes, (controlled) iter-
ated parallel rewriting, iterated (deterministic)

substitution, closure properties.
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.. INTRODUCTION

The operation of homomorphism is one of the central notions in study-
.ng closure properties of language families. It has been generalized suc-
:esfully to the concept of (language-theoretic) substitution (cf. Ginsburg,
975, Ginsburg et al. 1969, Hopcroft and Ullman 1969 and the references
ientioned there). When we apply a substitution T on a word w, we choose for
tach occurrence of a symbol o in w a word from a given language t(a) and we
-eplace that occurrence of o by that choosen word from t(a).

In the study of certain classes of parallel rewriting systems, viz.
‘he so-called deterministic Lindenmayer systems (Herman and Rozenberg, 1975),
he notion of deterministic substitution has been studied as another gener-
1lization of the homomorphism concept (Asveld and Engelfriet, 1977). Deter-
1inistic substitution differs from ordinary or nondeterministic substitution
)y the way we replace (occurrences of) symbols in words: if we apply a deter-
1inistic substitution T on a word w, then we have to choose for each symbol
t a word v, from the language tT(0) and we have to replace each occurrence
)f o in w by v i.e. by the same word from t(a).

If for a substitution 1, each language tT(0) is a singleton language
‘i.e. T(0) contains exactly one word), then both notions of substitution
roincide with the concept of homomorphism. But in general these notions are
.ndependent, i.e. there exist language families closed under deterministic
yut not under nondeterministic substitution, and vice versa (Asveld and
ingelfriet, 1977).

Deterministic substituion has originally been introduced in the analy-
sis of certain complexity problems (Rounds, 1973). However it was first
studied more systematically in establishing the relation between iterating
linite sets of deterministic substitutions and, on the other hand, gener-
1lized deterministic Lindenmayer systems (the so-called deterministic K-
.teration grammars, Asveld and Engelfriet, 1977) and certain classes of
solyadic program schemes (Asveld and Engelfriet, 1979). The relation
yetween iterating finite sets of nondeterministic substitutions and gener-
1lized nondeterministic Lindenmayer systems (the nondeterministic K-itera-
:ion grammars) was known previously; Van Leeuwen, 1973; Salomaa, 1973;

\sveld, 1977.




he smallest family containing the regular sets, which is closed under
ed deterministic substitution is EDTOL, i.e. the family of extended
inistic tabled context-—independent Lindenmayer or EDTOL languages
berg, 1973; Asveld and Engelfriet, 1977). Each EDTOL language may be
ed by iterating a finite set of homomorphisms over an alphabet V,
ng from an initial symbol S e V, and finally intersecting with I*
me terminal alphabet I c V. Replacing these finite set of homomorphisms
inite set of [nonldeterministic K-substitutions yields the rather ab-
notion of [non]deferministic K-iteration grammar (A substitution T
—substitution, if t(a) ¢ K for each o, where K is a given language
); cf. Van Leeuwen, 1973; Salomaa, 1973; Asveld, 1977, 1978; Asveld
gelfriet 1977, 1979. So the family n(K) [H(K)] of all languages gene-
by [non]deterministic K-iteration grammars obviously depends on K,
includes EDTOL whenever K contains all singleton langﬁages.
. further generalization leads to the notion of I'-controlled K-itera-
rammar, in which not all sequences of substitutions are allowed in
eration process, but only a restricted set of sequences, prescribed
ontrol language, is applied. This control language is a language over
nite set of substitutions and it is taken from a given family T of
1 languages (Asveld, 1977, 1978; Asveld and Engelfriet 1977). The
of languages generated by TI'-controlled [nonldeterministic K-itera-
rammars is denoted by n(r',K) [H(T,K)].
perators on language families like n and H are usually called ex-
ns, since under weak assumptions on K and T they are indeed extensive,
< n(K) and T,K ¢ n(I',K), and similarly for H. Although extensions
promising tool in recent more algebraic approaches to the theory of
rs and languages (Van Leeuwen, 1973, 1976; Asveld, 1977, 1978; Asyeld
gelfriet, 1977, 1979), in this paper we restrict our attention to the
ors n and H only.
et now X denote either n or H. Since in any case X is extensive, the

ing two problems arise quite naturally (cf. Van Leeuwen, 1976):

A) Given the complexity of K and I', e.g. K,T ¢ C for some complexity
C. Can we bound the complexity of languages in the extended family

or X(I',K) respectively? Or, equivalently, does there exist a complexity




:lass C' for which X(K) ¢ C', or X(I',K) ¢ C' respectively, holds?

(B) Are there complexity classes C0 which are fixed points of such

:xtension operators, i.e. which satisfy X(CO) = C0 or X(CO,CO) = CO?

Note that if we are able to solve (A) with C' C, we also have a

solution for (B), viz. CO =C=¢C".

Van Leeuwen (1976) considered these problems in case that X = H and
‘he complexity classes are space-bounded classes. He proved that if
. c DSPACE(S(n)), then H(K) < DSPACE(S(n)) provided that S(n) = n log n;
..e., for S(n) 2 n log n, DSPACE(S(n)) and similarly NSPACE(S(n)) are fixed
voints of H.

In this paper we study the instance of these problems in which X = n
ind the complexity classes are space-bounded.

Let K be a family containing each finite alphabet, and let T be a

‘amily closed under intersection with regular sets and arbitrary finite

substitution. We show that if K and T are included in 1-NSPACE(S(n))

l.e. each language in both K and T is accepted by a one-way nondeterminis-—

for some monotonic

:ic multi-tape Turing machine within space S(n)
space bound S(n) = log n, then n(I',K) and n(K) are included in NSPACE(S(n)).
(This result can be considered as a generalization of the inclusion EDTOL c
{SPACE(log n) established by Jones and Skyum (1977), since for the family
REG of regular languages we have n(REG,REG) = n(REG) = EDTOL, cf. Asveld
ind Engelfriet, 1977). Consequently, for S(n) 2 n the inclusion Kc NSPACE(S(n))
implies that n(K) is included in NSPACE(S(n)) as well. A similar conclusion
1lso holds for DSPACE(S(n)) with S(n) = n. Thus for each S(n) = n with
35(2n) < c.S(n) for some constant c, both DSPACE(S(n)) and NSPACE(S(n)) are
\FL's closed under intersection and iterated A-free deterministic substitu-
-ion. (These families are however not closed under controlled iterated A-
free deterministic substitution). In particular this applies to the families
>f (non)deterministic context-sensitive languages, (non)deterministic two-
7ay nonerasing stack automaton languages, and to PSPACE.

Apart from the present introductory section this paper contains three
ther sections. Section 2 consists of some preliminaries concerning com-

lexity classes, iterated (non)deterministic substitution, and controlled
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iteration grammars. We conclude Section 2 with an important lemma on the
length of derivations according to (controlled) A-free iteration grammars.
[n section 3 we establish our main result, viz. we solve problem (A) with

{ =7, C= 1-NSPACE(S(n)), and C' = NSPACE(S(n)) for S(n) > log n. The
>roof consists of a generalization of the main ideas developed by Jones and
Skyum (1977) in showing that the family EDTOL is included in NSPACE(log n);
:f. also Erni, 1977; Harju, 1977; Sudborough, 1977. This result implies
mother solution of problem (A) for X = n, viz. C = C' = NSPACE(S(n)) with
5(n) = n. By slightly chénging Van Leeuwen's (1976) algorithm we obtain a
similar solution with respect to deterministic space-bounded complexity
:lasses, i.e. C = C' = DSPACE(S(n)) with S(n) = n. In Section 4 we directly
lerive from our main result a solution of problem (B), viz. n(CO) = C0 if
30 equals NSPACE(S(n)) or DSPACE(S(n)) for S(n) = n, and we establish the
ibove mentioned closure properties for these families. With respect to

>roblem (B) we also show that for each complexity class C which includes

)SPACE(log n) we have neither n(C,C) = C nor H(C,C) = C.
2. PRELIMINARIES

We assume the reader to be familiar with the rudiments of formal
languages, space- and time-bounded Turing machines, and Lindenmayer systems
(cf. e.g. Hopcroft and Ullman, 1975; Herman and Rozenberg, 1975).

An AFL or Abstract Family of Languages (Ginsburg, 1975; Ginsburg et al.
1969) is any nontrivial family closed under union, concatenation, Kleen +,
\-free homomorphism, inverse homomorphism and intersection with regular
languages.

Let S(n) be a monotonic function, i.e. m < n implies S(m) < S(n). Let
)JSPACE(S(n)) [NSPACE(S(n))] be the family of languages accepted by [non]-
jeterministic two-way multi-tape Turing machines which scan no more than
35(n) tape cells on any storage tape during a computation on an input of
length n. Similarly, DTIME(T(n)) [NTIME(T(n))] denotes the family of lan-
zuages accepted by [non]deterministic two-way multi-tape Turing machines
which operate within time T(n) on all inputs of length n. The family of
languages accepted by nondeterministic one-way multi-tape Turing machines

within space-bound S(n), is denoted by 1-NSPACE(S(n)). The families PSPACE,




and NP are defined as usual, viz. by

PSPACE = U DSPACE(nX)

U NSPACE(n"),

k>1 k>1
k ' k
P= U DIIME(n ), NP = U NTIME(n").
k>1 k>1

We now turn to operations on languages, in particular to substitution
nd its variants. We first recall the formal definition of nondeterministic

nd deterministic substitution.

EFINITION 2.1. Let K be a family of languages. A nondeterministic K-substi-—

ution or nk—substitution on an alphabet V is a mapping t: V - K. This map-
ing is extended to words over V by t()) ={A}, T(a]...an) = T(a])...T(an),
; € V (1 £1i <n), and to languages L over V by (L) = U{t(w)]w ¢ L}.

A deterministic K-substitution or dK-substitution on an alphabet V is
1so a mapping T: V - K. But now T is extended to words w over V by t(w) =

{h(w)| h is a homomorphism such that h(a) € t(a) for each a ¢ V}. The

xtension of T to languages L c v is as usual: t(L) = U{t(w)|w ¢ L}.

If t(a) ¢ v* for each a in V, then the [nonldeterministic K-substitu-
ion t: V » K is called a [nonldeterministic K-substitution over V.

A family K is closed under iterated [nonldeterministic substitution
f for each language L in K and for each finite set U of [nonldeterministic
defined by

is in K. g

—-substitutions over some alphabet, the language U*(L)

) = U{Tp(.,.(Tl(L))...)| P05t €U, 1 <icp)

XAMPLE. Let T be a regular substitution over {a,b} defined by t(a) = a”
nd t(b) = {bJ|l < j € n}. If we interpret T as a deterministic substitution,
hen t(abba) = {alebJalli >0; 1 < j < n}. Considering Tt as a nondeterminis-

ic substitution yields however t(abba) = {alebkazli,Z >0; 1< 3,k <n}. 0

Although (controlled) iteration grammars have originally been intro-
uced in order to generalize certain parts of Lindenmayer system theory,
hey form an appropriate tool to study iterated substitution. In the fol-
owing definition we collect the main notions quoted from (Van Leeuwen, 1973;

alomaa, 1973; Asveld, 1977, 1978; Asveld and Engelfriet, 1977, 1979).




DEFINI
K-iter
of an
a fini
L(G) g
iterat
[nK-it
satisf
L(G) =
of lan
by n(K

genera

EXAMPL
where

define

If U ¢
wherea

L(G) =

F
contai
£* for
tution
each f
simple
substi
U, clo

implie

;2? Let T and K be families of languages. A [nonldeterministic
or dK-iteration [nK-iteration] grammar G = (V,z,U,S) consists
et V, a terminal alphabet % c V, an initial symbol S ¢ V, and
U of [nonldeterministic K-substitutions over V. The language
ed by G is defined by L(G) = U*(S) n *. A T—controlled dk-
K-iteration] grammar G = (V,r,U,M,S) consists of a dK-iteration
n] grammar (V,Z,U,S) provided with a control language M c u*
. € T, whereas the language L(G) generated by G is defined by
n Z*, where M(S) = U{Tp(...(Tl(S))...)]Tl...TP € M}. The family
generated by dK-iteration [nK-iteration] grammars is denoted
)J. Similarly, n(T,K) [H(T,K)] denotes the family of languages

I'-controlled dK-iteration [nK-iteration] grammars. O

sider the regularly controlled K-iteration grammar G = (V,I,U,M,S)

U {$}, V=2:u{s}, U= {o,1}, M= {orznln > 0}, and o and T are

(s) = 1, Lo c A" and L e K (5,8 £ &)
(o) = {a} if a € V - {S}
(8) = {s$s}
(a) = {a} if o € V - {S}.
2n

s of dK-substitutions, then L(G) = {(w$)2 -]wln >0; we LO}
as;zg and T are nK-substitutions the following holds:

$% T'Lyin =01 O

finitions 2.1 and 2.2 it follows immediately that a family K,
S} for each symbol S, which is closed under intersection with
alphabet I, is closed under iterated [nonldeterministic substi-
d only if n(K) c K [H(K) c K respectively]. Similarly, we call
K satisfying n(K,K) ¢ K [H(X,K) ¢ K] and the above mentioned
tions, closed under controlled iterated [nonldeterministic

. For each family K containing U* for each finite alphabet

f K under controlled iterated [nonl]deterministic substitution

K is also closed under (uncontrolled) iterated [nonldeterministic




jubstitution.

For each word x, let |x| denote the length of x.

In the following lemma we show that each word x derivable by a A-free
controlled) iteration grammar can be obtained by a derivation of length

t most linear in |x|, provided I and K satisfy some simple conditions.

EMMA 2.3. Let K be a family containing all finite alphabets.
1) Let T be a family closed under finite substitution and intersection
ith regular sets, and let G = (V,%,U,M,S) be a A=free T-controlled dK-
teration [nK-iteration] grammar. Then there exists a A—free T-controlled
K-iteration [nK-iteration] grammar H = (VH,Z,UH,MH,S) such that L(H) = L(G),
nd for each x in L(H) there is a control word TyeeeTy in MH such that

€ Tk-..Tl(S) and k < 2.]x].
2) For each A-free dK-iteration [nK-iteration] grammar G = (V,r,U,S)
here exists a A-free dK-iteration [nK-iteration] grammar H = (VH,Z,UH,S)
uch that L(H) = L(G), and for each x in L(H) there is a string t

ver U such that x ¢ Tk...Tl(S) and k < 2.]x].

s T

1°7" 'k

roof. (1) Since G is A-free each step in a derivation w, € T(Wl) for some

in U, is either splitting, i.e. lel < lwzl, or stationary, i.e. ]w1|==lw2!.
n a possible derivation of a word x there are at most |x| - 1 splitting
teps, but in general there is no bound on the number of stationary rewrit-
ng steps. As certain length preserving subderivations may correspond to

he identity transformation they could be repeated any number of times (viz.
€ u(w) for some u e U+, implies that w ¢ un(w) for each n > 1) without
ncreasing the length of the intermediate string. In this way long control
>rds may give rise to derivations of relatively short strings.

The main idea is that we extend the control language M in the follow-
1g way. For each control word m in M which gives rise to a derivation con-
aining sequences Syse+esSp of consecutively stationary steps we add a
inite number of new control words to M. These new control words are ob-
ained from m as follows: for each subset {t],...,tn} of {Sl""’sﬂ} we
splace in m the substring corresponding with t, (1 <1i < n) by a new
juivalent length-preserving substitution. (Since there is only a finite

mber of length-preserving substitutions over a fixed alphabet, UH is




inite). This construction implies that for each word x in L(H) there is
1 derivation of x according to H such that, whenever a stationarj step
sccurs in that derivation this step is immediately followed by a splitting
step. Therefore each word x in L(H) possesses a derivation according to H
f length at most 2. |x|.

We‘now turn to the fbrmal construction of H.

Since T is closed under finite substitution and intersection with
regular sets, it is closed under a-NGSM mappings, i.e. mappings induced
'y nondeterministic generalized sequential machines with accepting states
‘An a-NGSM is a nondeterministic finite automaton which can output a finite
wumber of symbols for each input symbol; cf. e.g. (Hopcroft and Ullman,
969) for formal definitions). Let V = {al,...,ak}, VH = VU{F} where F is
{T'{r € U} u {[t,qllt € U, q € Q}
{<x],.,.,,xk>|xi cV, 1 <ic<k}.

. symbol not in V, and define UH by UH

il

there the finite set Q is defined by Q
Consider the a-NGSM T = (Q,U,UH,S,qO,QF) where Q is the set of states,
lg = <{al},...,{ak}> is the initial state, Q = {qo} is the set of final

itates, U is the input alphabet, U_ is the output alphabet, and § is a

H
1apping from Q x U to the finite subsets of Q x U; defined by

6(<X1,...,X >,T) = {(qO,T')i <X1”"’Xk> = qO} u

k

{(<T(X]) nV,,..,T(Xk)n vV >, A), (qo,[T,<X],..;,Xk>])}.

‘he new control language MH is defined by MH = T(M).

We briefly describe the effect of the new control language MH' For
rach substitution T in U occurring in a control word from M the a-NGSM T
;uesses nondeterministically one of the following three possibilities (cf.

‘he definition of §): -

'his corresponds to the transition.(qo,%') € G(qO,T) of T where t' is defined by
T'(ai) = T(ai) for each i (1 <1 < k)
' (F) = {F}.

'hus T is replaced by t' and T remains in state 4p°




will also be statiomary.

le erase the occurrence of T in the control word while we keep track of
he stationary effect of 1 by means of a change of state <X1""’Xk> into

‘T(Xl)nV,...,T(Xk)nV>.

‘ase 3: The derivation step according to T is stationary but the next step

will be splitting.
n this case T is the last substitution in a sequence of consecutively
itationary steps. The ultimate effect of this sequence (including the sta-
:ionary behaviour of 1) is performed by a new substitution [T,<X1,...,Xk>]
v which T is replaced, while T returns to state qp- This new substitution

.s defined by

[T,<X],f..,Xk>](F) = {F}
'[T,<X1,--~an>](ai) = T(Xi)nV if T(Xi)nV # 0
[T,<X1,...,Xk>](ai) = {F} if T(Xi)ﬂV =0

The definitions of MH and t' imply that L(G) c L(H); the formal proofs
‘hat L(H) < L(G) and that H has the desired properties are left to the

reader.

2) Let VH = Vu{F}, where F is new. Define for each u ¢ U" a substitution

Ty OVer VH by

u(a)nV if u(a)nV # @

]

ou(a)

0u(a) {F} otherwise.

Ve call Oy and a, (u,v € U+) equivalent if ou(a) = ov(u) for each o in
ZH' Let [ou] denote the corresponding equivalence class of T, Then UH
ls defined by U, = {t"|t eUl U {[oujlu € U+}, where t' is as above. Since
‘here is only a finite number of length-preserving substitutions over VH’
:he set {[ou]lu € U+} is finite. 0O

~ Note that Lemma 2.3(1) may be viewed as a generalization to controlled

iteration grammars of a similar result (viz. Theorem 3.4 in Asveld and Van
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Leeuwen, 1975) concerning controlled ETOL systems.
3. THE MAIN RESULT

In this section we show that (under the assumptions of Lemma 2.3(1))
for each T'-controlled A-free dK-iteration grammar G the membership problem
x € L(G)? is solvable in NSPACE(S(n)) provided that S(n) = log n and member-
ship in both T' and K can be determined in 1-NSPACE(S(n)). First, we slightly
generalize a few concepts and an auxiliary result concerning EDTOL systems
originating from (Jones and Skyum, 1977; cf. Erni, 1977, Harju, 1977;
Sudborough, 1977) to dK-iteration grammars (Definition 3.1 and Lemma 3.2).
Let G, = (V,Z,U,S) be a A-free dK-iteration grammar with V = {al,...,ak}

0

and S = o,. Let x be a word over I of length n, and let $ be a symbol not

1
in V.

DEFINITION 3.1. A configuration (with respect to x € £* and V) is a k-tuple

X = <x ;.,xk> where each X is either $ or a nonempty subword of x. A

1°°
configuration x is called consistent if there exists a sequence of dK-sub-
. . * . . .
stitutions u € U such that for each 1 (1 < i < k) either X, = $ or
X, € u(ai).
. . . T . .
The derivation relations F———— (1 € U) between configurations
X = <x

..,x,> and y = <Ypseeesyy> are defined as follows: x F—I—— y if

1°° k
for all 1 (1 <1 < k), if v # $ then y; = h;(w) with w € T(ai) and the
partial homomorphism h;: V > 1* is defined by h;(aj) = %, iff X € 2

(1<j<k). 0O

For each w ¢ V*, alph(w) is the subalphabet of V consisting of those

symbols which occur in w.

LEMMA 3.2,
(1) Let x and y be configurations. If x is consistent and x fl~ y for
some T € U, then y is consistent.
(2) Let v,w ¢ V" be such that x € u(v) and v e t(w) for some 1 € U, u € v”
and let x be a consistent configuration such that for each i, X, € u(aﬁ
- 1f a; € alph(v) and X, = $ otherwise. Then there exists a consistent

configuration x' such that x F— X' and for each i, xi € uT(ai) if




1]

oy € alph(w) and xi = $ otherwise.
3) x e L(Gy) Zf and only if there exists a sequence of configurations
=(0) F1 -(1) 2 g =(q) =(0) _
X — x = ... f~ﬂ- X such that x = <Epseeesfy> where

g; = o; ©f a; € alph(x) and £, = $ otherwise, and (@D = <x,$,...,$>.

roof . (1) Let u € U*, such that for each i (1 < 1 < k) either X, = $ or
; € u(ai). If y; € 5* (i.e. v # $) then there exists a word w ¢ T(ai)
nd y; = h;(w), where the partial homomorphism h;: V> 1" is defined by
‘g(aj) = Xj iff x._e 5* (1 £ j £ k). Then for each i either y; = $ or

; € ur(ui), i.e. y is consistent.

2) Let for each i, zs be an element in T(ai). Then we define Xi by

v _ .

X, = hx(zi) if a, € alph(w)
1] .

xi =$ if oy ¢ alph(w)

here the partial homomorphism h; is defined as under (1). Since a; € alph(w)
mplies alph(zi) c alph(v), we have X; = h;(zi) ¢ ©* whenever a; € alph(w).
herefore x; € ut(a,) if o, € alph(w) and xi =$ if o, ¢ alph(w). Thus x'

s consistent and x Fl. X',

3) This follows from (1), (2) and a straightforward inductive argument. [J

The interested reader is invited to compare Lemma 3.2(3) with the
quivalence Theorem in (Asveld and Engelfriet, 1979) and similarly Lemma
in (Jones and Skyum, 1977) with Theorem 2.9 in (Downey, 1974).

We are now ready to prove the main theorem. Let G = (V,Z,U,M,S) be
I'-controlled A-free dK-iteration grammar. In order to determine whether
given word x € 5 belongs to L(G), it is sufficient (1) to decide whether
€ L(GO) where G0 = (V,I,U,S) is the uncontrolled A-free dK-iteration

rammar corresponding to G, (2) to keep track of the sequence Tt ...Tq of

1
K-substitutions used in a possible derivation of x according to Gy» and

3) to determine whether T ...Tq is in M.

1

In the algorithm to be presented below the implementation of (2) and
3) is straightforward. In implementing (1) we use simulation of a deriva-
ion by means of a seqﬁence of configurations instead of storing complete

entential forms according to G, or G (cf. Lemma 3.2(3)).

0
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THEOREM 3.3. Let S(n) = log n, and let T and K be families satisfying the
assumptions of Lemma 2.3. '
(1) If both T and K are included im 1-NSPACE(S(n)), then
n(I',K) c NSPACE(S(n)). |
(2) If K c 1-NSPACE(S(n)), then n(K) < NSPACE(S(n)).

Proof. In view of Lemma 3.2(3) and the remarks above it will be clear that
the algorithm in Figure 3.1 determines whether x ¢ L(G) for some given I'-
controlled A-free dK-iteration grammar G = (V,I,U,M,S) and an arbitrary
string x € £*. In this algorithm we use the following auxiliary concepts

and notational conventions:

- SUB(x) denotes the set of all nonempty substrings of a given string x.
- \ is the left quotient operator, i.e. \: x> 3% is a partial
function defined by u\w = v iff uv = w. We write u\w} whenever u\w is
defined.

- We assume that for each 1t in U and each o in V, there has been given a
nondeterministic one-way algorithm A(tT,0) accepting the language t(oa)
within space S(n). Similarly, let CONTROL be a nondeterministic one-way
algorithm accepting the control language M within space S(n). We write
A+ o when the one-way algorithm A reads the next symbol of its input string
(or rather when the next input symbol o is given to A and A continues its
computation), and we write A} when the algorithm A halts in an accepting

state.

We will now analyse the amount of space needed in executing the algo-
rithm of Figure 3.1.

Firstly, by Lemma 2.3(1) x has a derivation according to G or to GO
of length at most 2.|x]. So the corresponding control word m satisfies
|m| < 2n, and hence the question whether m is in M can be resolved within
J(S(n)) space by the algorithm CONTROL.

The second problem deals with storing the configurations. By defini-
tion each entry X in a configuration x is either equal to $ or to a sub-
string of the input x. In the latter case X, is completely determined by
its starting and its ending position in the string x, i.e. by two natural
qumbers in between 1 and n which can be stored using 0(log n) bits. Thus

storing the complete configuration x requires 0(log n) space.
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for i :=1 to k do

! X, = if a; € alph(x) then oy else $ fi; od;
} X = <x1,...,xk>;

b while x # <x,$,...,$> do

) guess T € U;

) | i:= 13

' while i < k do

3 guess y. € {$} u SUB(x);

) if y. # $ then

0 while r # A do

1 guess aj e V3

2 if Xj\yi ¥ then r := xj\yi; A(T,ai) <« aj
3 else reject fi;

4 od; fi;

5 if A(T,ai) + then i := i+l else reject fi;

6 od;

|7 X := <y1,...,yk>;

'8 CONTROL < T3

| od;

20 if CONTROL ¢ then accept else reject fi

Figure 3.1.

In order to decide whether x rl- SYprees¥y> the algorithm guesses a
substitution T and substrings v; (1 <1 < k) of x. As pointed out, storing
‘hese substrings only -requires 0(log n) space. Similarly, we can store the
rariable r and execute the test xj\yi+ (line 12) within space 0(log n).'
lote that in lines 10-14 we determine whether y; = h;(w) for some w over
7 (cf. Definition 3.1). The next step consists of deciding whether w is a
jord in the language T(di) (cf. lines 12 and 15). This can be resolved
1sing 0(S(n)) space, since T(ai) € K and by assumption K is included in
-NSPACE(S(n)).

- From the assumption that S(n) = log n, it follows that the total

mount of space required for the execution of the algorithm is 0(S(n)).




.(G) € NSPACE(S(n)) and hence n(I',K) c NSPACE(S(n)).
" we omit line 18 in the algorithm of Figure 3.1 and if we replace

!0 by
'0 accept

7e’ obtain in an analogous way the corresponding result for the un-

ylled case. 0

ARY 3.4. Let S(n) 2 n, and let T and K be families satisfying the
rtions of Lemma 2.3.

* both T and K are included in NSPACE(S(n)), then n(T,K) < NSPACE(S(n)).
® K < NSPACE(S(n)), then n(K) c NSPACE(S(n)).

Both statements easily follow from Theorem 3.3 and the fact that
\CE(S(n)) equals NSPACE(S(n)) for S(n) = n. 0

o obtain the lower bound of log n in Theorem 3.3 we use in an es-—

11 wﬁy configurations instead of complete sentential forms, since

1g complete sentential form requires 0(n) space. In order to obtain a
: similar to Corollary 3.4 for iterated nondeterministic substitution
7e to use complete sentential forms, since due to the fact that the
ltutions are nondeterministic we cannot rely on configurations. Estab-
1g the following result (which was also mentioned in (Van Leeuwen,

in an implicit way) 1is straightforward and the proof is therefore

0 the reader.

M 3.5. Let S(n) 2 n, and let T and K be families satisfying the

sZons of Lemma 2.3.

° both T and K are included in NSPACE(S(n)), then H(T',K) < NSPACE(S(n)).
c NSPACE(S(n)) Zmplies H(K) c NSPACE(S(n)). O

Jan Leeuwen (1976) established an implication similar to Theorem 3.5(2)
SPACE(S(n)) provided that S(n) =2 n log n. For the sake of completeness
:all this result (Theorem 3.6(2)) together with the obvious controlled
1t (Theorem 3.6(1)).

iM 3.6. Let S(n) 2 n log n, and let T and K be families satisfying
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he assumptions of Lemma 2.3.
1) If both T and K are included in DSPACE(S(n)), then H(T,;K) c DSPACE(S(n)).
'2) If K c DSPACE(S(n)), then H(K) c DSPACE(S(n)). O

Replacing the compléte sentential forms in Van Leeuwen's proof of
‘heorem 3.6(2) by configurations yields the following result with respect

;0 iterated deterministic substitution.

'HEOREM 3.7. Let S(n) = n, and let T and K be families satisfying the con—
“tions of Lemma 2.3. ‘

1) If both T and K are included in DSPACE(S(n)), then n(T,K) < DSPACE(S(n)).
'2) K c DSPACE(S(n)) Zmplies n(K) c DSPACE(S(n)).

roof (sketch). A modification of Van Leeuwen's algorithm (cf. Van Leeuwen,
976 Theorem 5.2 for details) based on configurations instead of sentential
‘orms is straightforward and it is therefore omitted. We only analyse the
ffect on the space complexity due to this modification.

Enumerating sequences of substitutions still requires 0O(n) space.
itoring an activation-record for each recursive call of DERIV now requires
)(log n) instead of 0(n) space. Since the recursion depth remains 0(log n),
Xecuting the recursive procedure DERIV requires at most 0((1ogn)2)-+O(S(n)).
'or a possible test for membership in the control language we need 0(n)
ipace by Lemma 2.3(1).

Thus the total amount of space required is O(n) + 0((log n)z) +
)(S(n))[+0(S(n)) in the controlled case] which is 0(S(n)). O

In Section 4 we will see that an improvement of the lower bounds in

}.4(2)=3.7(2) to S(n) > log n is as hard as the P = NP question.
to APPLICATION

In this section we discuss some applications of the results that we

yroved in the previous section. We first consider closure properties of
‘he families NSPACE(S(n)) and DSPACE(S(n)).

HEOREM 4.1. Let S(n) =2 n and S(2n) < c.S(n) for some constant c. Then
ISPACE(S(n)) and DSPACE(S(n)) are AFL's closed under intersection and




16

md iterated A\-free deterministic substitution. Moreover, NSPACE(S(n)) <s
2losed under iterated \-free nondeterministic substitution; this also holds
for DSPACE(S(n)) provided that S(n) = n log n.

°roof. From 3.4(2), 3.5(2), 3.6(2) (i.e. Theorem 5.2 of Van Leeuwen, 1976)
and 3.7(2) with K = NSPACE(S(n)) or K = DSPACE(S(n)), it follows that

1(K) < K and H(K)
VSPACE(S(n)) and DSPACE(S(n)) are closed under iterated A-free nondetermi-

N

K. So under the appropriate assumptions on S(n),

1istic and deterministic substitution. Closure under the latter operation
implies closure under union, concatenation, Kleene + and A-free homomorphism
(Asveld and Engelfriet, 1977). Finally, closure inder intersection and the
two remaining AFL-properties (viz. inverse homomorphism and intersection with
regular languages) easily follows from standard constructions in automata

theory which are left to the reader. g

Comparing Theorem 4.1 with the main results in (Book et al. 1970)
shows that our conditions on S(n) to obtain AFL's from space-bounded com-
plexity classes are much weaker than those in (Book et al. 1970). However
in order to achieve closure under "S(n)-bounded erasing homomorphism'" addi-
tional assumptions on S(n), as required in (Book et al. 1970), seems to be
inevitable.

Taking S(n) in Theorem 4.1 equal to specific concrete space bounds

yields the closure under n and H of some well-known language families.

COROLLARY 4.2. The following language families are AFL's closed under inter—

section and under iterated \—free deterministic substitution:

(1) PSPACE

(2) the family of nondeterministic context—sensitive Languages

(3) the family of deterministic context-—sensitive languages

(4) the family of two-way nondeterministic nonerasing stack automaton Zanguages

(5) the family of two-way deterministic nonerasing stack automaton languages.
Moreover the families under (1), (2), (4) and (5) are also closed

under iterated \—-free nondeterministic substitution.

Proof. These properties directly follow from Theorem 4.1 and the equality
of the families under (2), (3), (4) and (5) with NSPACE(n), DSPACE(n),
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ISPACE(nz) and DSPACE(n log n) respectively; cf. e.g. (Hopcroft and Ullman,
969). [

Although both DSPACE(n) and NSPACE(n) are closed under n, the problem
thether DSPACE(n) is closed under H seems to be related to the LBA-problem;
.f. the discussion in (Van Leeuwen, 1976). If DSPACE(n) is not closed under
I, then obviously DLBA ¢ NLBA (i.e. DSPACE(n) < NSPACE(n)). On the other
1and if there is a proof showing that DSPACE(n) is indeed closed under H,
:hen that proof could probably be modified (along the lines implicitly
suggested in Wood, 1976) in order to show DLBA = NLBA.

From Theorem 3.5 and a straightforward induction it also follows that

)y iterating control on ETOL or EDTOL systems (in the sense of Asveld and
Tan Leeuwen, 1975; Engelfriet, 1978) we do not leave the family of context-
sensitive languages; cf. Asveld and Van Leeuwen, 1975; Engelfriet, 1978.
Next we show that a generalization of Theorem 4.1 and Corollary 4.2
:0 closure under controlled iterated A-free (non)deterministic substitution
.s impossible. _
A family K is closed under removal of right endmarker if for each
.anguage L ¢ $* and each symbol $ ¢ £, L$ in K implies L in K.

Let RE be the family of recursively enumerable languages.

J)ROPOSITION 4.3. Let K be a family closed under removal of right endmarker.
If DSPACE(log n) < K ¢ RE, then K Zs not closed under controlled iterated

\=free (non)deterministic substitution. In particular this applies to each

romplexity class which includes DSPACE(log n).

’roof. Let HOm(K) be defined by Hom(K) = {h(L)|L € K; h is a (possibly eras-
ing) homomorphism}. ThHen HOm(DSPACE(log n)) < Hom(K) € HOm(RE) = RE.

Since the Dyck languages are in DSPACE(log n) (Ritchie and Springsteel,
1972) and HOm(DSPACE(log n)) is a full AFL (Ginsburg et al. 1969b) the
Zhomsky-Schﬁtzenberger Theorem implies that all context-free languages are
in HO6m(DSPACE(log n)). From this fact, the closure of H6m{DSPACE(log n))
mder intersection (Ginsburg et al. 1969b) and e.g. Theorem 1 in (Baker
ind Book, 1974) it follows that HOm(DSPACE(log n)) = RE, and hence
16m(K) = RE.




uppose K is closed under controlled iterated A-free (non)deterministic
tution. We will show that H6m(K) = RE implies that RE c K. Since this
dicts K ¢ RE, the result follows.

'he argument is a slight modification of the proof of Theorem 2.2

weld, 1977).

et L c £* be in RE. Then for § ¢ I the langunage L$ is also in RE.

're exist a language M ¢ U” in K and a (possibly erasing) homomorphism
- (ZU{$})* such that h(M) = L$ and $ ¢ U. For each symbol T in U we

 a A\-free K-substitution Tt over £ u {$} by

($) = {h(1)$}

t(a) = {a} for each a ¢ I.

't is easy to see that M($) = L$. But if this language is in K, then
n K too, i.e. RE ¢ K. [

'rom'Proposition 4.3 it follows that the families mentioned in Corol-
.2 as well as DSPACE(log n), NSPACE(ldg n), P and NP are not closed
controlled iterated A-free (non)deterministic substitution. (There
however language families K —— even included in the family of context-
ive languages -— that satisfy H(K,K) ¢ K or n(K,K) c K; cf. Asveld

n Leeuwen, 1975; Engelfriet, 1978). We conclude this section by con-
ng the properties of the latter four families with respect to un-

'1led iterated A-free (non)deterministic substitution (cf. Van Leeuwen,

Book, 1972; Greibach, 1977; King and Wrathall, 1978).

M 4.4,

IP £s an AFL closed under intersection and iterated A—free (non)-

leterministic substitution.

et C be either DSPACE(log n), NSPACE(log n) or P. Then the following
wopositions are equivalent.

i) C=P=NP

ii) C <Zs closed under iterated A-free nondeterministic substitution
iii) C s closed under iterated \-free deterministic substitution

iv) C Zs closed under \—free homomorphism.




19

roof. (1) Van Leeuwen (1975) proved that H(NP) = NP, and his argument can

11so be used in order to obtain n(NP) = NP. '

2) From (1) it follows that (i) implies both (ii) and (iii). Since each

‘amily including all singleton languages and closed under isomorphism

:"renaming of symbols") and iterated A-free (non)deterministic substitution

s closed under A-free homomorphism, (ii) as well as (iii) implies (iv).
The fact that (i) follows from (iv) has been established for C = P

n (Book, 1972) and in (King and Wrathall, 1978) for the other two cases. []

Theorem 4.4(2) implies that an improvement of the lower bound in
orollary 3.4(2) and Theorems 3.5(2), 3.6(2), 3.7(2) and 4.1 from S(n) = n
0 S(n) 2 log n is as hard as the P = NP problem.
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